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3. The student will follow the axlomatic development

Objeotivee _

1. The student wlll accept that a parallel pvstulate

1s needed in the axlomatic development of geometry. f
" 2. The student will follow some of\the axiomatic de-

¢!
velopment that the hyperbolic postulate leads to
_\”1and model some of the results, ‘

that the Euclidean poetulate leads to and be able
.to dpply the results,

6verv1ew S
This module was' conceived ea an -alternate approach to
the usual practice of giving Euclid's parallel postu-

. 18%e and then mentioning that altprrate postulates’

would lead us to an alternate geometry or geometries.
Instead, the student 1s led through an axlomatic de-
velopment into a logical dead end which requires a.

new postulate in .order to allow further 1nvestigation.
He. 18 then requested to take a postulate alien to his
expertence, Most high school students will not easily

-accept this, and a lot of student interest 1s generated.'

At this point the teacher can mention some df the re=-
sults of the postulate and then return to Euelidean de~-

- velopment in unit IV or continue Hyperbolic Geometry

in unit IIX before returnlng to Ruclidean Geomptry.
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Teacher's Guide

+ I1T,

eV. Euclidean Geometry.

.Units in the module aret

Picks up axlomatic

I,' Exlstence gﬁ - pgralle

development and follows 1t to exlstence of a ~

‘-.'; “

t
|

/ parallel, S
IT, A Parallel Postulate,

/

Leads studenteﬁto"eha.

parallel postulate,

'Hyperbolilc Geometry. Develops tne hyperbolic

- postulate to obtaln results contrary to stu-
dents previous experience. The new system 1s
then modeled and physically aembellished until
1t becomes for most students a viable system.
The Poincarb Model.

modeling plane hyperbolic geometry,

Iv,

A geometric model for

Axiomatic development ~
from 'Euclid's parallel postulate.

Materials

f

Poincare's Model ;}
_ (Instructions for bullding on page PT-3,) ¢

"Shrinking" meter stick .
(Instructions for building on page PT~3 )

. ‘ | : (‘

' \
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I, EXISTENCE OF A PARALLEL

Teachl estions

Teacher and studente'shouldfehare the work here, Per- ] | 1.
haps the teacher sould explain Theorem A, then ask the

‘students either in groups dr individually to prove ‘the
'coroi}ary.

Someone might be selected to preeerft the
proof to the class, The rest of the work can be done

2,
the .same way in an effort to keep students actlvely
involved in the development, - . . .. . >
. . . . . ; ' ' 3.
Exercise Answers: (Page P-BY - s .
/ S S
o & M, ' £ , |
S \a) Yes e). Yes e | ' ,
b) No £) ,No o ‘
c) Yes - g) Yes - . b,
d) Yes ' h) Yes - s
II. THE PARALLEL POSTULATE ,
. Teaching Suggestions - | o .
The teacher ‘should play a very. active roll in *this SR
development; not necessarily by tranemitting the con- . 6

tent but by guiding the students' aneetigation. and
eetﬁtﬁg the tone, The tone becomes- erucial\ as the

- student runs into the logical dead end.of trying to
prove the exietence of, at most, one pe,mllel through-
a given point. Thig pro\blem can Anitiate more etudent

enthysiasm, p.rgumente
belle\e '

d disouesion than you might
possible,

Exercise Answers (Pagee P-6 and P-7)

@) LZAFE and . FEA

&

QR
b) Noné

. ) “?

c), P3 J/ QR

€D

RS

»

a)v'

.b) >

) < . B S y
a) - | .

ZLCBD and LBEDF are cox;xesl')onding |
< ABD and <BDE are alternate 1nterior.a.ngles.

a) 4£FAB and ZAFG .
b) <DHB . ‘
6) <BAF and < CAE 7

d) AGAF

a) T
b) T .
¢c) T

‘d) T

a) Yes |
b) No ’

a) PS J

'Rs,o. \

S
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~ Hyperbolic Lines

- .

.' v
| ITI. HYPERBOLIC GEOMETRY

Teaching Sgggestions o .

_ The Definitions and Theorems ¢an hest be presented
~ as ‘overhead transparencies, allowing faster. and
" easler presentation. You may wish: to present theﬂ

proofs as shown, or merely discuss with the students

what can be proven, Notes for the- teacher are in-
cluded for each set of transparencies.

. ‘:\ ”
N

Materials %

Poincare Board : o | .

30 cm radius cireular region cut of- cardboard , 9T
~ wood, ' , L4 .

] oYy

Arcs cut of plastic sheets, 2 mm-= 3 mm thickness.

Cut 10 arcs of 1/2 cm width to these specifidations
fOr the inside curve,

Radius Chord Length'-

1l0em 19 om

15 cm 26,8 en

' 20 cm - 33.3 cm

- 30 en- __ h2.4 om

/. soem  W8om '

y 50.cm - 51 cm

- 60 cm - 53.7 em

v 70 cm - 551 cm

80 om 56.2 em™ .
(A

L

Following islhe basic program if you wish to gen- o
erate the mezburements for more hyperbolic lines. |
LET R = ,30 _
PRINT "R1="j} R B
. PRINT "L~ R 2n > a
FOR J = O to .9 Step .01
LETL= (2 *R *J) / ( SQR(R '7‘2+J 2)°
PRINTL , J i
~ NEXT J _ . .
" oD -
"Shrinking" meter sticks
Cut four cardboard strips)z cm wide and 1 meter.
:1/2 meter, 1/& meter and 1/8 meter in'length re-'
spectively, Label each as shown. .

-+ | o m" METER STICK I'm

N
=]

. . /
' IV.- THE POINCARE MODEL

This section is very dependent on the teacher
for guidance, motivation and timing.  The stu-
dent materials exist to give you and the
student somewhere to stert However this
section may be done Just as effectively witha
out distributing student information sheets _
and.instead, just guiding the student through
the ideas of the sectlon by yourself... To this'
end, we put forth here a statement of purpose.'
. .

©'74 Uof DML
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- for each individual activity. any pertinent notes,’

and urge you to use your own procedures to intro—
duce and guide the activity, !

| ﬁ description of a Poincare Model Board is given 1 '.
erials

the beginning of the Teacher's Guide in the mate _
section.- The purpose of including a physical model
here is four-fold >
\ 1) It allows the student to do the modeling
making the whole idea seem somewhat less
! esoteric. : |
:.2) The student can show himself that all the
| theorems and postulates preceeding Postulate
H are consistant with this model. |
' 3) It allows the student to view two parallels
to a line, open triangles, Saccherl quadri-
laterals, etc, In their proper perspective.
That is in a hyperbolic plane, not a
Euq}idean plane. )
4) To give the student a mental picture of a
a hyperbolic plane to.which the physlcal world
can be, related.

It is strongly suggest d that you try modeling the
+ glven statement befor? going into the classroom with

-the modeling board. This will give you an idea of

/ where prdblems wi W ‘encountered,

The‘purpose_of Statement 1 is obviously to determine'
- 1f g pair of polnts determines exactly one line, -

Statément 2 1s-included to check the plane separation |
postulate. Statement'3 points .one toward the prob-

lems of measuring angles. The. student may be able to-
rely on his intuition for this, It might help that
intuition if the measure of an angle formed by tan-
/" 'gents to the two curves| 1s demonstrated., This will
kﬂ' also assist them in Stat ment_#'s 6, 7, and é..?The

' \\ purpose for modeling Statement #'s 4, 5, 7, and. 8 1is

apparent while #6 1s included to again indicate the

difference between parallels and ‘ultra parallels,
. - \ )

Class Activity 1t Do you really know.which way 1s
straight’

The purpose of thls activity is to indicate that .

determination of straightness is visual TherEfore,

only if 1light.travels in straight lines can one be

confident that what he perceives to be straight 1s

actually straight.

~ The Activity: Request volunteers from the class who 4
feel they definitely know how to walk a straight line.
- Have them do so by selecting an object across the

room, fleld, gym, etc, and walking a straight line to
that ‘object, Now have them each return and try the
same thing again, blindfolded, Observe the difference
in paths between trials, This should convince them

" that 1n the physical world their determinatio |, of what
straight is depends on 1light, Note that the igger o
the room, the more tonvincing will basthe zesults.'

© 74U of DML
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f Clags Activitx 21 Firet one qut the door is extremely" ’

B " small,

-

 The purpose of this . aotivity 1s to help the students

'&nderstand how a plane that 1s bounded can 'still seem"

. infinite. | | v

' The Activityl You should have a set of .the meter
\ _fsticks described in the materials section of the
- Teacher's Guide hidden somewhere in the .roonm. You
must now explain to the students the predicament in
which they now find themselves. ~ Thelr predicament
iss ) .

.Singe the class has entered the classroom. you -
-, have inadvertently stepped on the Hidden button
L that changes the room into a&yperboli4 roonm,

| This makes 1t very difficult to leave the room.;
In fact, so difficult that you are willing to -
;o give a reward to anyone who can follow the)rules

‘imposed by the hyperbolie plane and still,leave :
.the.room. Those rules drer - . v A

s
Loedoe

1) - Ongcan never change size,. If one is a o
. _méter_?O tall, he must remaln a meter 70
v tall, e ‘ o

2) Between each step taken one must be* =
- _ measured to be sure he‘has not grown, "/

Stagl the student, in the middle fof the room, . Take
an initial height measurefient with the full sized
_meter stick. 'Allow him his Tirst step. Take}the

.'.

\"heii height ‘measurement with the  second meter stick

(one;half_meter in’length)' - Observe that the stu-

“dent .has grown. Therefore. we must shrink the_ v
' student. Shrink student.,\Allow the student to

take another step inwhis shrunken state. Measure A
- his height with the third meter stick. He has again
grown and must therefore. shrink some more, N

The students might complain that the meter stick is

' shrinking rather then the student growing. Kindly
explaln that if the room were Euclidean iristead of

hyperbolic, that would ‘be true. However. in a hyper-
bolie rodm the size of the meter stick. varies with
location. It should be apparent to the student and
the rest of the ‘class that the student will never make

. out of the room.: He may, therefore, consider the '
g roomfto be infinite, |

1he last part of- this section is iqpluded for the_
' purpose of convincing the student thaﬁ the univefse )
- 5 might be hyperbolic. I@you havzé. An alternate way of

doing this, u use it, Or read the given information
‘and present it to the class ‘verbally. Tﬁe important
thing i1s that the students realize there exlsts a
viable alternltive to Euclidean Geometry.

v

S e - . ' 1-22- o ¢
' . B . . . . . )
N ‘ t . . o ) ~. . .'x
. - .V,\ : ' e - ' : Y
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. ' * V.. Euclidean Geometry B .-

: ‘ . ' . . ) { . o
Teaching Suggestions - o . , .
This section begins with Euclid's Parallel - :
Postulate and proceeds to the more i mportant, ' : ‘

e results. The proofs are left for students to
‘do or tHe toaeher can- do them for the- class.

The teacher ought to make a ;iatement to the c
1hsd explaining why we cHoose to continue with
&clidea.n geometry. (1)~ It 1s simpler - we
, have gone about as fa:c e ¢an go in hyperbolic '
o gebmetry with the mathe tical background of the ' _
class., (2) Euciidean geometry is a better des TR

cription of ' our expez;ience. '

B




N ' WhistocE oF A pAmum - | '
- \
We plck up the e.xioma.tic‘ story line of geometry assuming that you are
. familiar with the line and ‘distance postula.toe, the angle postulates, and . |
' ’Theorem Z, which givee the existence of one and onlyv one line perpendioula.r oo \
. to a given line at a given point on the given 1ine.¥®The intention now is ' :
to take this development into an investigation of* parallel linee.

The oentra.l question in any develoﬂnent of para.llel linee is! o
* . Given a line X and a point P not on line X , how many . .
'« lines gxist which contain P and are parallel to ¢ ¥ : R
| S \ I T

- N -

' Immediately there appear three answers to be considered, There .are none.

’; there ig exactly one, or there are at least two would cover all possibili-
'tiee. Surely flost of you already know the correct answerJ.’But we are shead
of ourselves. We wish to put all of this on a firm axiomatic basis,

. Tet'u proceed and share the work, The writers will provide some of
the proofs hnd you will be requested to pfovide‘others. Our first objective
#ill be to eliminate the firat alternative - there are no lines through P

,-parallel to Xoe That~is, we shall try to prove that there exists at least
one line throue;h 'F ‘parallel to X |

'Theorem Al Given a line £ and a point P not on the line, there is at most -
‘one line that contains P and is perpendicular to . -
Proofs - Aseume'them'.are at least two lines,
- . .'xfl and 42.. perpendicular to £ at
g points A amd B respectively. There
‘Y axiwts & point R on the ray opposite
" KP'such that.AP = AR, Since LA, |
o " ‘< _PAB'® <RAB, AB = AB now implies - , A
: | _' that APAB S ARAB by 8AS,' Hence,
© | . <PBA® <RBA¥ Since X, L &, both |,
~ «PBA and v RBA mue%sbe_ right angles. R YA
'I’hua, ‘both (2 and RB are perpendicular
*to & at B, But this contradiocts Theorem Z, Henoe, there must be
at moet one line through P perpandiouiar to r( .

N

¢
. -
3
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o Corollary:. No triangle ha.s two right anples. . : o | .
Proof's 'Proof 1s left to you, . : \ A
Theorem Bi Giver a line X and a point P not on £, there is at least one

_ - . )
. line that contalns the given point and is perpendicular to £, :
Proofa Line £ contalns two points Q and N
} E and H are the h\'lf planes defined '
by 1line X, E conta.ins point P L
_K Construct ray QX in H such that |

< RQX = < RQP, THere exists a point ,
T on X such-tkat QP = QT. Since P N
/ B arld T are in onn,esite half plawes, PT H

‘ » intersects £ at some point A Either '
o - Case 1 A = Q ' ,o '
o Cagse 2 A 15; in the 1nterio!’\f‘% '
) |  Case 3 Q 1s_between R and A, ’ | b
. o , :
Tase 11 If A = Q, then A, Q,* and T are collinear. Hence
' " moPQR = m<XQR = 90 and P 1g the desired per-.
pendicular.
" Case 21 Since QA = QA, I\PAQ = ATAQ. Thus,
m4PAQ = < TAQ o 9() and PT 18 the desired per-

« .
pe_ndicular. { i

: »
Case 3t Proof is left to you,

Definitions Two lines are parallel iff they are coplanar®and do not intersect,

Theorem C1 Given three coplanar lines., If two of those lines ‘are both
perpendicular to the third, those two are parallel,

Pr:)\ofs . Let £, and 2 both be perpendicular ,\l.
‘ toi at points P and Q reepectively.' . . /2,
Theorem 2 {guarantees that that P ¢ Q, . p_q ' >
lAsaume +y 18 not llal'to A2. N ok B 1’\
Then ‘4 Iintersects 4, at some ppint H, . - s
. But /\PHQ contains bwo right a.ngles which 3 Y Z
i oontradiots the corollary to Theorem A

T B N A | -
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Theorem Di -Givqn a line ¥ and'a point P not on  /, then there exists
- at least ome line through P parallel to ..
‘ .
Proof' Proof 1is left to you,
Exercisesi ! .
. - ' ,‘1‘ A % A%
Prove the corollary to Theorem A, < ff\‘,, T . . ;‘gq
. . iy o
2, Prove Case 3 of Theorem B . o ' Gy
3.. Prove Theorem D, b e L
b, Name two pairs of parallel lines. € ! P 74,
. ‘\ . - ’ . . . . [
' . . . ‘ ' . ”l ' ' , Q/ . ¢/ 1y
5. Consider the follpwing definitions: . :

A vertical line is one.Containing the center of the earth., )
A horizontal lee is one that is perpendicular to some vertical line,’

+a) Could
b) Could
.¢) Could
d). Could
e) Would
f) Jould
&) Could
h) Would

two horizontal lines be parallel?

two yertical lines be parallel?’

two horizontal 1lines be perpendicular? |,
two vértical lines Be-perpend}cular? AR
every vertical line be'horizoﬁfal? | '

every horizontaldline be vertical? ~ R
a horizontal line be ?arallel £o a vertical line?
every line be horizontal? o

-

THE PARALLEL POSTULATE

Haviny 80 successfully disposed of ‘the no parallel Option, we throw

caution to the wind and proceed at break-neck speed to select the correct

" answer from the remaining two,

" Definitions

terior angle:df a triangle, then define anéles us
lines and then we are ready

First we attack a question about_the ex-
ul in work with parallel

If A 15 between B and C, and D 13 not on BC then <CAD and

<. BAD form a ligeax ggzi 0

.

© 74 U of DML
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; W{nitiom An exterior a.ngle of a trlangld is an angle that forms ‘a llnear
pair with sone of the angles of 'the triangles.

.Dsfinitiom For any exterlor angie of a trianglq, the remote 1nterior angles

/ _ “are those angles of the triangle Hhich do not form a linear palr
0 ' w:lt,h the exterlor angle, ' '

Theorem E1- _The measure of an exterior angle of a triangle is greatelr than

the measure of each remote interlor angle. o, _
(AN Q . ) ,/T

X Restatemenf/{' Given: ‘APQR and point S such that
¢ R 18 between P and 8.

_ Prove: m £ QRS >miQ and

| mLQRS > mLP P

Proofs . Let M be the midpoint of QR There exists ~R\
a polnt T on ﬁ such- that Pil = MT and M is '
between P ‘and T, Since LQMP = /RMT, .
AQMP = ARM'I‘ by SAS, Therefore, m Z QB mZQRT, - * Since —lﬁ‘ is
between RQ and RS, mZQRS = mZQRT + mLTRS. Hence,
m£QRS > m LQRT = m£Q. The proof that m£QRS > nZP 1is left

to you, .
Corollary: If a.triangle contains one right angle, the other two angles e N
— . are acute angles, T . b |
Proofs | The proof 1s left to you. ' e .

' We wish now to define palrs of angles which are usef@ 1n working with

parallel or near parallel pair of lines. To avoid undue wordiness, we allude |
to definition by diagram, : _ R

"~ Definition: Line X is called a transversal
o “ ‘between m and n, (Notes m and

. . n may or may not be parallel,) )m

Definitionsl The paire of a.ngles 3 and 6,
., and l& and 5 are called g]._t_g__-

Definitions The paire of angles 1 and 5,\

2 and 6, 3 and 7, and 4 and - .
| a’ware‘c'alled gcorreaponding .

¢

© '74 U of DML
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. 'Theofem'Fs: 'It two coplanar lines efe cet by a transvessal such tﬂet a

' | palr of alternate interior angles are congruent, then the

tuo linea are parallel = S - . | . ‘

gt
. .
Restatements Givem LABC - LBCD ,
» Proof's B i CD
[ 3
", >
Proof Aesume AB 1is not parallel

with CD Then AB and CD
interséct at some point P,
But the hypothesis that
mLABC = mZBCD contradicts
Theorem E. Therefore,

3B D,

Theorem G: If two coplanar liﬁég.gre cut by a transversal such that a pair of -

¢orresponding angles are congruent,then the two limes are parallel.

——

Proofi | The proof 18 left to you. . S "

il
L . . v oe . v

WE ARE READY!" | .

We have already determined that there muat be at least one line parallel L“°

“many mathematicians_and read many hpoks and articles about this, Everyone, to -‘3 s

to AL through P. In all honesty we must warn you that we have consulted with

the last professor ‘conaulted, has advised us to make an assumption about whiph :’{
_ answer is correct and not try Yo prove that one 18 correct and the other 1s not.
 .Né mean to take heed of all this advice., 8o here comes our assumption in the .

form of Poetulate H,
. N _

o’

o ebéb ' ‘ ~ ' . - . '
N T ® '74 U of-DNL
' . . y :
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Postulate ha Given line ,( and point P not on.x , then there exists at -

least two lines’ through P whigh are coplana.r ‘with £ and
do not intersect X . ‘- ' S . .

.

_ There, we were 'sure most of you kn w that was the éorrect answer long
'ago. We, therefore, 1llustrate this with a simple diagram and proceed with -
thg development, In the diagra.m neither 1ine m or line n intersect with X .

/ -

> o
TN - cL0

There may be a few of you who are not quite convinced that Postulafe H~
18, the correct cholce. W& invite you to try to prove that Postulate H 1s
wrong or t,hat the other cholce 1s correct. We are sure that you will soon
be convinced ghat we have>made the proper choice, o !'

.Egercises - E o N ’

L]

1. Complete each of the foligv;ing statements with
» the symbol >, < or =,
¢ of 1f mL1 =40 and nl2 = 30, then
‘ml4 4o, )

-~ —-— o . - | !
~ b)) _If m{l = 72 and m£2 = 73, then' -~ .
| mib' 73(- : :
) If mLh =112, then mLl 112, ‘
d) I mLy = 150, then ml_3 30, A >
i 2, IFrom the four angleq 111ustrated £ind ’ ' ‘(‘J , d

the followingy = : : SN 1 7 .
a). A palr of corresponding 'angies,. | | '

. b) A‘ palr of alierné,tefi'nt;,erior .&nsies. ' E‘ N

A4
. . -




«.

3. ..U,sing only the polnts and segmenta

TN

shown 1in the diagram, comble'te' the
followings . : I, .
Two exterlor afigles of AFAE are
—and ___/ ' -
An exterlor angle of ADHE 1s e
Two exterlor angles of ABCA are
— and ___, '

L CAG 1s an exterlor anéle of

L]
—a—

L BAF 1s an exterior angle of AAEF
with remote interlor angles .. and
True or false - | .

Xi 1s a transversal of ,’(lj.and )Zu.
b)_- ,1(2 ‘1s a transversal of ,(3 a:nd (u. ‘

x/l; 1s a transversal of .11 and 132,

3

), 1s a transversal of }(1 and £,

v : v
I£/Q = LS, does 1t follok that’
QP I/ Ty
If L P= (5, does 1t Tollow that
. .Q,P-u TS?

w

Name the segments ,‘)‘d/any. that are parallel if
a) 'L5% (9
b))y L2= /10 -

L3 =20 °
L s L6

L2 -".L‘ll .
SV WA
[5¥ 18

4
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= g | .
Definition: MP 1s a para 11e to,( if and only if o oo _

a) MP and 4 are ¢oplanar, e

b) ﬁ and ¢ do not intersect, e . ’
—> —

c) All rayé PT where T is Anterior to lLMPQ 1ntereect with « , -

_. Definition: Any 1ine 2! which satisfies conditions" a.) a.nd b) but not .
| c) 1is ‘called an ultra parallel, . " - , o

4

! .o
Notes on Definltlon Sheét #l L o . (

. Postulate H con irms the existénce of an 1nf1n1te number ofwdines through
P wvhich fulfill co dit}st a) and b). . There are, however, only two which
meet condition c¢)

o Since these two lines are speclal, the word' parallel is

redefined to(fe.cil 1tate easy referenge to this pair of linee. p
, Ueually pa%uel rays PM and PN will be referred to rather than parallels
<« &> )
~PM and NTT - . ! : -
. .The difference between Poetuia)._te H aﬁﬁ E‘uclid's postulate can be stated s
An t,"l ~of parallel. ra rays PM and PN, Euclid's postulate claims they are .

'_coll nea,r and. Postulate H claims they are non-collinear, \
' - If o pe.rallel ie given in a diapram, M,' r:’ 3 '
1t could be)tha.t ﬁ does not.inte\reeét with 2 . ¢ T ','1,9
. '_Ifﬁ? ie a parallel, then it mu:st elther be - . ’s |
‘ true that all rays Ig 1ntersect R'or all rays
I;i‘ intereeot £ o TR o o < . k> ‘
A PR ¥
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B
v

R
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Definitiom Given line #‘X point P not on
'I‘X at Q and rays PM arkd PN parallel to line TX

L

Q

<>

: and NPQ Bre called the angles of parallelism,

L

X

TX, segment PQ perpendicular to

Angles MPQ

A}

Definition: The direction of ra.y PM is called ghe dirgction of parglle_]_,is

of PM

*

L]

-

De.i‘initigns for Hypefbolic Geometry #3
' - ) 4 ) .

™~




R

.
ot
. - . . : .
Ny .

o S < —_ |
-Definitions Let PN be a parallel to TX through P, If PT is a tffnsversal
: ‘ . Lo . - '
' intersecting $§ at T, then the union of PN, TX and PT is called
an open triapgle and 1s denoted as 4arT .. |

Definitlont An exterior angle of an open triangle 1s any angle which forms
a linear palr with an angle of the open tr}angle,

_ Definitiont' An angle 1s a remote.inferior angle of a given”exteriqr angle

if 1t 1s an angle of the open trlangle which does not form a
linear palr, the gilvén exterior angle. ) ) - ‘

—

. e : . *
\ .

~ Notes on Definition Sheet #3

The letter omega (1) 1is used to indicate an ideal point at infinity,
The symbol 1s introduced for notational purposes. It is not meant to be used
to motivate a discussion of ideal poinfe, what is' at infinity, or any other

)

1 : _ ,
similar esotdric subject matter. It should be noted, however, that it rep-
regents the fact that two of the

sides of the triangle extend indefinitely. "
'z“h. ) . = N .

. Angles 4 and 2 are exterlor angies of APTJL; There_exist two other ex-
"?t8rior anglefto APT/L which are not labeled. . .
' Angle 3/1s a remote interlor angle of <1, .Angles 2 and U4 share the same -
" relationsh{p, ' ' ' '
Definitions for Hyperholic Geometry #l
o . S ~ - | o (
- o . Sy - ' :

N\
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- the mathematiclan and his life~long quest for a. proocf of Euclld's pargllel

- the summit angles cannot be proven to be right angles, ' _ ’

=,

\Theorem I} If two open triangles AB/\. and COW have tLB - 110 and
AB = CO, then - LA-LC. L ‘ ' -

Definitiom A qu&drilatera.l in’ which a pair of oppasite sides are congruent

4 and perpendicular to a third side is called a gacche;i guadri-
lateral, ' I '

Definitions 1In Saccherl quadrilateral SACH, AC is‘ballbd the 8U it. SH is :
| called the base, L ASH 884 / SHC are called base angles, and
L. SAC and LACH are called sumnit angleg. '
. Y

Notes on Definition Sheet # i o T |
+ r 4 ' /

This 1s a good place to include some historical notes about Saccherl

| postulate. We refer you here to any of the ﬂpllow1ng sources,
1. Howard Eves ' ‘e - e
2, Moise ' '

: A discussion of some of the history would lead to an observation tha.t

- e

i
.

The,ofems of Hyperbolic Geometry #la

A may be rélated to ,/._c_in three possible ways. .

a) m,LA?mLC ' '_See #1b
D) mLALmLC  -See #lc
"'c) m.{_ﬂ w mlC ’
¢ must be true since both a and b are absurd.
" ’ . g~ . ,
. ‘\3 Y . |
‘- s o  ~4 ‘




. 'I‘heorems"‘of Hyperbolic Geomet’ry #lb

\ ’*' . O

s mLA(LBAX); m- c(xpco). then. L e e

B

- ‘v ! Ct . - ' -
AD exlsts such that ZDAB = ) PCO '
R exists such that BD = OR , ' ‘
AROC = /yDBA by SAS !
z,Rco - ZDAB = LPco |
But /_nco < LFCO 1g absurd!  So, mLA ~m/C is falee. 0 - C .
9
. ) ‘ ) , AW
A ' Theprems of Hyperb_olic Geometry #lc y

If mLA (LBAX) £ nlC (LPCO), then

B - Lop X

fy S— - >

_CR 9;119 nuch that LRCO S /BAX

D existd such that Bl.= RO . S
ROC'= ADBA by SAS . */ BAD = LRCO = /BAKX

ﬁutARCO -LPCO is absurdl So, mZA <. m{__C 1s false.

e . e




* “

| .N'otgg Qg'._Ib- eorem ‘I o BRI _
| ;f %e students are’ willing to a.ccept Theorem I without proof » 1t 1is
not necessa,ry to expose them to transparencies 1b and lc, C -

s N

-, If the students need to be convinced the trangparencies do not give

. complete proof, Included here is a more complete proof for. transpa.rency
v_-lb, which may help in answering any questions which may arise, L. o .
If m/ BAX > mZPCO, tHen there.is’a ray ‘AT 1in the interior of LBAX
such that m/ BAT = mLPC\O; ’Since AB.V is an open trilangle BR’ 1s a para.llel
to AJe (nod- ultra-parallel), " Therefore, AT intersects with B at sond point
D, BY the point plotting theorem there exists a point R on” aﬁ such that _
OR = BD, Now AROC «ADBA by SAS which lea.ds dinectly to the absurd sta.tement/

tha.t mLRCOumLPCO S e . |
- The proof that mLA‘( nZ G 1s absurd is similar. oy _
Stu&ents should be shown the definition tra.nsparency #1 before a,ttacking ' B
Theorem Ty i : R : S . yye 0
. Students should be shown definition transparency #2 before exposure to '\ -
* " Uthe corollary to Theorem . - - o : '
M LI * ) . . o - '
N ' - . '
Theorems of Hyperbolic Geometry #ld '
L Corolla.ry te Theorem Il Angles of parallelism are congruent - o ~
v T o w \'
= Yoo ' s} ¥ . .
”“’.5:‘ Y i
T - o ' * 'Q - o - 8
b . . - : ) ﬂ : .'. ( _‘ ‘ . o‘
‘In LlPQJL containing M and APQN containing N, LPQT CR l,.PQS and pQ pQ. o )

Therefore ' angles o pa.mllelism LMPQ and L NPQ are congruent.

Sk

R

. . . ] ' ..‘. . S

. . . . o - .
. T = ) - ) . 1 .

- . . . v N . . )
. . . 1 . 4 . . R " . =
t N . ) i . . ) —" N
' ) : o : . - . . . ' .
. v i . ) . .
. - . - . N .
. . : .
.
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- Theoren IIi 'Ana1as;qf.paralieliam.arefaquie; //J'

T p .
S " Theorems ofHyperbolie'Geometry #2a -
av ® S “ . - . ; - . s,
- ' '

C g

" Both a) and b) lead to comtradictions of pw;evious’ly accepted theorems and
- postulates. ' \

>—

There are three possibllities for LMPQ and LNPQ. . e | ’ .
a) m/MPQ = mLNPQ = 90 o _ o T

| b) m, MPQ = mANPQ » 90 .- B S
¢) mL MPQ = mLNRQ <9o'.. _ ;- "\ o L

)

Théfeﬁore; c) 1is the.prO?er‘Choice.* -

o '

R

Theorems of Hyperbolic Geometry #2b o - 3

If mAMPQ - m[.NPQ = 90, then.
| S
M P

M, P and N are collinear, There 1s qnly one 11ne through P. parallel to ,l

This ocontradicts Poatulate H,
\ . .
o '

b

’Q R - : - Qb .K "

P=1b

9 - - o "
Y S S Y

S 'mf',?lludeM,L




Theoreé;,of Hyperbolic Geometyy #Zc

- If m/.MPQ-mZNPQ>90, then - \ | oy e A y

.. ﬁ"'} SR " .f‘;r. Lo o D

A}

< s, ]
&S; o R Q T,
PR exists in the 1nter10r of LNPQ such that mLRPQ = 9. But

PR 1ntersects with X e

This contradicts Theqrem C!

. . . .
Al [

Notes gn-The_;gm‘II

- Students should be shown . definition transparency #3 before exposure

'.' to Theorem 11, o - ' o o

For transparency #Zb, remind students that PM and PN are the two
'parallels. They are not ultra’ parallels! Therefore. any other lingp
coplanar to and non intergecting with. N
R must lie 1n the 1nter10rs of vertical €
angles MPN and NPM . It 1s then clear
why M, N and P collineaf 1mplies at most
one parallel éo X through P, .

<

: : . S

‘For transparancy #2? ”3 must intersect with & since PN 18 a parallel

~ and not an ultra parallei, Shown 1s the fact that LNPQ cannot be obtuae.
: 31nceL»j}Q w. ZuMPQ 1t follows thatLMPQ cannot be obtuse,




"Theoremé of Hyperbdlic Geometjy #3a,
:.‘Theorgm'IIII“ﬁTuo_xlys*pdfallel to the 7amé 1ing in the same direatlon are
' ' - parallel to each othet, ) - ' ' '

\

\
] o
. 4 R
A .
;
< a >

Restatements If P _ﬁ is a parallel to X and SR is a parallel to £, then SR
' 18 % parallel to PN

Possibilitiesn a) _K and —g intersect “ E ' e '”'_\
' b) fﬁ and S5 ;ﬁ are ultra parallel - R _ C o
c) PN and éﬁ are parallel, : S L
o ) : :
Again o)_proves to be the 5ﬂly non-QOntradlctory possibility.
. ; : - ,
Theorems of Hyperbolic Geomqtry #Bb - “ﬁu,
If PN and SR intersect, then 4

: ~
L ) \




their point of intoraoction '; R S , |
YXR 1s parallel to /(.- Heno_e,_ ' - o
xh intersects £, )

. ) . > : )
This contradicts the ltypo_thesls that PN 18 8 parallel to ¥

Theorems of- Hyperbolic Geometry #3e | : \ |

If P and SR are ultra parallel, then - -
P )

S : ‘ :
—.-_—ﬁ \
@ ;
- — . — 5
“ > ’ ‘ N

o | - C oA . )L
PX exists such that PX 1s parallel to SR . . - -
PX and ,(2 do not intersect ‘ ' .

! i
A

' This contradicts the hypothesls that PN 1is parallel to ya
Notes on Theorem IIT | O
\ The theorem establishes a transitive property for a special set of
- parallel rays; namely, those ir* the same direction,

Once again the difference between parallels and ultra parallels is
very important to the- understanding of .the theoren,

- In transparency Q‘% xR 1s olaimed tobe g NG R Sy
parallel t6 £, It is'not obvious that ﬁ can o | . -_ - )
‘not be ultra paml}el to L. A proof that )_(ﬁ " B N -

o cannot be ultra pe.rallel to R hzs the follow- - _ i

' ing basia. If ﬁ is ap ultra p&rallel then ¢ | : __) T A
. & Tay ).& parallel to exista in the interior of Z RXT, Ray SN must intersect
{( at some point’Z By P’aaoh's ‘theorem i& must 1ntoraeot side TZ of ATZN, This |
. contradiots the faot that is a parallel to {. | - r

1

Y .
In transparenocy #30, PX and £ do not, interaeot slnce they are oontainod 1n .
opposito half planes with edge SR, , ‘ . .

[

- : © '74 U.of DML
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a

. ’» ~ . Theorems’ of Hyperbblic Geometry ba

Theorem IVi  An exterior angle of an open triangle__ié greater in measure
than the remote interior angle, . / O

| B ‘ _ - — ——

- Restatements Given AABJ. with exterlor angle 1, prove m<l> m<2, ' ?
Either a) m/l < m/2
| b) m/l = m/2
c) mil> mi2

. ] ‘ . «“, .
a) and b) lead to contradictions, leaving c) as the correct |

cholce,

Theorems of Hyperbolic Geometry Ub

=

If ml1l < ml2, then

Y




KE exists such that mZ DAC = m Z2 . , .
- ‘ —.%‘ -3 : 04 S ,
Since AE 1s a parallel to BF, AC mugt intersect BF, ., | ‘
This contradicts Theorenm E, ‘ :
/ Theorems of Hyperbolic Geometry ke . '
" If mél wnl2, then | | e
] “s‘ .
. . .
¥ -
.P .
{. 4 -
,v";_-}t}/ o
"';' ) 'F )._
With M as the midpoint of AB, draw’ Q¥ ‘perpendicular to BF,
TTARAM S A QBN by ASA '&{ |
LARM 1s a right angle _v\\~ ¥

o N R "



" Nptes .on Theorem IV - - T A ¢
' A 1 o

'I‘heorom by

L]

‘Restatement:

B There are three possibilities. (1) m;.‘.l m42'_'_

. " . : 4‘ >

An- exterlor angle of an : .
_open triangle 1s greater in - S

measy han the remote in- , 2 : o

. . : . ) B . — ~ - ‘)"

-terior' angle. v

/—-«‘ . .

Givent LF AB/L and exteri;a,angle L1, ' ’ -
Provel' mL1>m[.2 | N

- <(2) le « ml2 and (3) m/_1 > ml2,

]

1

L]

Case 13 Assu_me mLl « mL2, Then
there exlsts AC between ;\E

and AB such that mz.DAc - ml_2. B. . e 5

Since AE 1s a pa.mllel to BF‘ Aé must intersect with
BF‘ torming a trlangle with exterlior angle LDAC, This
contradicts Theorem E. Hence mZ1 .- mZ2 1s false.

Case 21 Assume mil w m/2, A . -
Construct QM such that ' €4 ' X <
. £ . . 5 E -
- M is thg midpoint of AB B . - |
andQﬁ_LﬁF.' lpLS-mLZ;'/M |
AM = MB and mLl = ms3. B .\.. . ,\-.’

~ Hence, ABQM = AARM by ASA,
This implies ZARM 1s a right angle. By definition
£ ARM is also an angle of parallelism and by Theorem J
- mugt be acute. Contradiction. Hence, mll -mni2 18

false. Therefore, le > méz is the only remaining S {
: possibility.. S . o
9 , Q A
v \ ! .
. ' ! - \ » ,
P20 33 , ®'74 Uof DML




o " Theorems of Hyperbolic geometry #5 L aw .
| Theorem Yu In a'Saccheﬁi quadrilateral, the line joining the midpoints
L ' - of the base and summit is perpendioular to both and the summif 0
o angles are congruent. _
°< VT ‘ —1 ¢
R \ ' e
) - ) 7
N\ -
: N s ‘
N %
N / !
[ \ ) /
’ N\ 7
‘ u! N . ]
R | N F . o B
Restatements Glvens AD L AB, ABL G, AD = BC, ED = HC, and FA = FB, -
' Prover EF L AB, EFL DC; mLADE = mZBCE, . .
By SAS  AADF = ABCF — LADF & LBCF, DF = CF '
D - LDFA& LCFB
. Bysss Aper -“a.»z_)cEF'_y.-.;mnpf « /. ICF
| /- DEF = LCEF
L DFE = [CFE
By angle addition —>  LADE & /BCE
' L LAFE = LBFE -
L DEF % /0FF .. —> _ B
L AFE = /BFE — EF L AB o SN .
0 | BV L ' . » | %
Expose students to dyfinition transpanpnoy b before giving thia ‘ N
_,theorem. L : Y B T
| Most studénts should agree with the results of this theoren, They should‘d
' also be able to prove it with 1ittle help,
"~ The oomplete proof is included for your convenience, Construot DF and FC.
By SAS A DAP -'/\GBF This inplles that mlADF'w nZBCF and DF = CF, f




. ' T C SN t .
? . . \.\A : ¢

-, _
Since EF = EF, A DFE < /ACFE by 939, Now m/FDE w nl F’CE But by the
angle addition theorem m 4ADE = mZBCE which was to be proven. Also - _ -
" mLDEF = nlCEF which ‘Implies that both are wight angles, Hence, EF.L IC, | v
By angle addition theorem and definition of _congruent trié.ngles o :
"+ mLAFE = m£ BFE, 'I‘herafore, both are right ~angles and EF.L AB,

" Corollary: The base and summit of a.Sacchert quadrilateral are ultra
parallel, The above corollary follows since LDEF and £ ?’F ;
are not acute and, therefore, cannot be a.ngles of para.lle ism,

“

*

. | ~~ Theorems of Hyperbolic Geometry #6b

N/

[

e

AT B |
Theoren I _._',"l.u“.’ L5 . o ‘ |
= R | S

Theorem IIT —w> CG ||.DH _ — - | S

0G, DH, and CD for‘open -ACDA .~~~ e
Theorem IV —3 le>mL2 | - o

Therefore, ms1l + mil > mL2+ mis5 - N ¥ o . | o
Theoren V. —3 m/3 = ni2+ ml5

Hence,, 1+ mZl >mn/3 .

And L3490 or 4. KD 1s acute,

]




- ” - “Theorens ‘of Hyperbolic Geometry . # 6”"_

& "-'I’héomm VI+ - The summit angles of a Saccheri quadrilateral/ are. acute, E
. ’ | | 5
( 4
D c B
A B F

Restatement Givenl AD L AB ). .ASJ_E, AD = BC

Provel LBCD is acute (It then foliows that £ ADC 1a also

~ aocute.) - | R | : - .

' '.Construct CG parallel to. AB in the direction of AB. o ‘ : - ' ST
| 'Conatruct DH parallel to AB in the same dimcﬁim.

') theg‘ on 'rhémm vio . S P .
" This is a result students will generally not be willing to a.ccept. It
will probably be useful to go over the proof with the students and indicate
that all the other results coy lead to the indicated conclusion.
‘ Not indicated in the transpa ncy of the theorem is the fact that CG : 4
mist be in the interior of / BCE and DA must be 1nterior to LAXC since DC ] e
‘-;.1aa,nu1trapam1191toli e - TR
.~ "'A vesult of this theorem that ahould be mentioned 181 It is 1mpo‘s.si‘blﬂe ~ ]
. . to draw a regtangle, No o utter how hard one tries, there will a.lways be a R
: Qlight defect. 1n at least dne of the proposed right r.ngles.

,A-\‘- o | . -

o w36 omugom




: 'I‘heomms of Hyperbolic GeOmetry #7a

‘Theorem VIIs " The sum of the measures of the a.nglem of a triangle is
| L ~ less than 180,
A
P
-
I
!
. H . ' : . ¢
€y . ':1 F_ >
! .' ; -
. A
B ‘ . ve o
. ‘Restatement: -Glven: A ARC . S
| - Proves miA+ mlB+ mLc-<180_ _ P
Construct DE vhere D and E are mldpoints of AB and AC respectively.
' Construct AG such that AG L DE at G R .
Locate F such that EF = EG, L \ |
Locate H such that HD = DG,
. Construct HB and FC, :
. Theorems of Hyperbolic Geonme try #70 .

© '74 U of DML
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e

" A'H.'BD % AGAD and- AGAE = AFCE'by SAS R IR

"Noteg on _Theorem 7 _' o f"

- students will admit’that Theorem 7

Theorem P+ The sum of the measures of th

Proofs . Let D and E be the midpointe

e i A, Locate point Fon DE

Therefore, /2 = 21, /L3 '= A o

And - FC = AG = HB
And " MZBHD = 90-mLCF‘E

HFCB is a Saccherl quadrilatera.l with summit BC,

Therefore, m<l + mZ5 + mil ¥ mL6<180 _ _
And  ml2+ mi5+ mL3+ mL62180 L
That is, mZA + mLB +nlc <180, . o - |

This theorem tells. the student that something he has believed in for a |

“long while s not true.” It is time to remind him that this 1s'a result of
~accepting Postulate H. That is if one cannot really accept this result, he _
must retreat and do away with Postulate H. | .

Indicate to the students that they should not throw in the towel on
Postulate H until they ‘have worked with a model of this geometry. Since .
every one 1s famlliar with modeling in Euclidian Geometry, these techniques' s
have been used instead of hyperbolic techniques. This may well be the reason

for not being able to accept the results Just proven,- ‘ ' ' N

You may not have to\prove thi . theorem at all, After Theorem 6, most | R g

11ows directly. The ,proof. can be
suppliéd if needed, There \te. however, no need to force it on the gtudents;"‘l
if . they do not r‘aed to be convinoed. .

angles of a trliangle is less than |
180, '

of AB and AC respectively, .
Construct eﬁ Co}\struct a
. ray through A . to DE. Ce.ll

_ ~ such that E is between G and-
| s F and GE = FE, - Likewise, lo- _
- |  cate point H on ﬁ such -that D B
| 18 between G and H'and HD = DG.
Gonatruot F‘C and HB.




R Y L
. . R .:',‘, IR '\\ ' ."",, e L *
-'/r\“ \'\\. : : N - \
| By sgs Z\\r&\a A\MD and /_m:c = AGEG, Therefore,[.BHD andZ ERC
are r ht ané»'gea\'v 'Alkgo sinca I“C = AG = HB, FC = HB. Henée, [J-HECF o

1& a.“ Sb,ccheri qusbdnﬁiteral «

: - R‘rom the congrupnt triangles 1t f.‘ollows that mél, = M 2 and . | s , ',_ '
mL“i-méJb S T | | g

By Theorem VI msl + m[j;,go and ” o ' e : ) / .
) mll ¥ ml62.90 L R | Co
B :-"Tl'fe'x'efOre, ©omLl 4 mih o4 onls s mi6<180 S

R N - Substituting m/2 4 mZ3 4 m/S5 4 ml6-.180

" But- ml.z + mi3 ¥ mLS +. m\Lé 1s the sum of the measure of the angles R \
~of QABC, - o

A" 1 .

’ '~Q'.E.'D..

= " . The: Poincare Model

®
- The PoinCare model 1s a geometric model developed for the purposes of
. modeling plane hyperbolic geometry., It differs from the usual model in two
silgnificant ways. A plane, instead of b ng unbounded, is bounded by a’ ‘
circle, A line 1s a subset of a plane wohich is an ‘arc of a clrcle that 1is

perpendicular to the boundary circh of the plane at its two points of* 1nter-.—
'section.

) .").




" In the above‘model C is the bounding cirole.'g and n are hyperbolic

: ‘1ines, ‘m1s not considered a line since 1t 1s not perpendicular to the

bounding circle. ‘Use the Poincare Modeling board with included hyperbolic
)lines to investigate each of the following conjectures, (Note: Each of
the plaetic lines Bnly represent a hyperbolic line when Ats ends are on

-+ the 'edge of the plane ) ' . _ : . , o 'p .
‘\j,Statementt Two points determine exactly one line. '
.Procedurei Select two random points on the plarne, - Go to the Jbox contaln=- A
' “ing the hyperbolic lines. Get a varlety of arcg from the box, T

" By trial and error. fit them over the two points until you
fihd one which wheh coverinp the two polnts has its ends on
‘the edge of the circle._ (As in horseshoes and hand grenades, S
VR --close counts’ because of the 1imited- selection of lines.) Check =~
S  tosee if there 1s any other size line that flts the two points
and has 1ts ends on the. edge of the plane, Assuming you have

’_ ' e i:) found one and .onfly one such 1line, we consider that sufficlent
' '  evidence and‘move on, - ' ' C s

Statementl' Given' any-line ., the points that do not lle on line X form
' - two non-intersecting sets, Any 1line containing a point from

. each of these two sets must cross (. .
' B Y

| Procedurel - Place any hyperbolic line on the plane and observe. Plck a
| - polnt .on either side of the line, - Does A 1line contalning: both

. those polnts cross ¢ 7
, o R

Statementi Given a 1line x,there existe-at'least one;line_perpendicular to -
. i, v
: Procedurel. Place two lines on the plane. Changq the position of one of
' 'j the lines untdl it appears to.be perpendicular to the other .
- 1ine, How did 'you determine ‘that they were perpendicular?
Could you use'a protractor to. determine 1f the angles were . R
bright anples? = L e o - l I

A ) . P A

Now that you are familiar with placing ‘the lines, we - will give you o
' another set of statements and allo#'you to develop your own procedure to- o 7’f'_ ;
model theee statements¢ e o ' ' |

’.. N » - ..' o .
Statementl If two linee are perpendicular to the same line, they do not . ;
intersect ' S , _}_.“ - 3 ¢ ,(), -

) ﬁ- B K | h -
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.'";'Statomenxtl_Ths summit angles of a Saccheri quadrilateral are ﬁcute.

5{”ft$tékementq 'The sum - of the me;sures of the angles of a triangle is less than ‘ :
' - "_180.;-_- T . L : . _ A

;—w_._\_,_-ia'. .. ._ ' _.”.

_Statementr The: measure of .an exterlor angle of an open triangle is greater

g ; -+ of an open triangle are parallel. not ultra para\lel )

S S DR . . ; o‘,': s : et

: l: Statqmentp .Given a line,&\and & point P not on ,K there exiats at least
: ' g twivlines thrcugh P uhich are parallel to ;&.-=_ S SR X

f

‘than’ that of the rehote ‘interior angle. (RemenK\r'that two sides
’

R L]

s
What you have acoomplished in the first part of this activity is that
you can show with these funny circular 1inesQ all the things you can do with

straight lines and’ infinite planes._ That 1s, all'the* pdstulates.hnd theorens

: discussed thus far in the course can be modeled on the Polncare plan . We

admit to neglecting the set of postulates dealing with distance between points.

/a;his wss‘done ﬁelibe;hmely to spare you from working with the complicated dis-
‘ tante ‘formula of the,Poinoare model and to- spare, us from trying to explain 1it.
.. Aside from thfs, we would guess that there may still be one minor detail

‘that you find bothersome. That i n the real world, lines do not curve and -
planes'are not bounded’ are they? At this point," your instructor has two "

class activitieg skillfully prepared to' further ,cOnfuse you on this 1ssue,
‘Thoy ares (1) Do you really know which way 1s straight and (2) First one
a out the door is extremely small, .

A

. ' . K o o ¢

'Take it eway Terh!al

From these ‘two activities you haue“hoﬁefully learmed the foilowing.'

First, what s considered stralght is determined by line of'sight. You have

no bulltsin system that ‘guldes you in a stralght ‘line, .particularly over

'?_ larpe distances hnd if there are no viq;al readings allowed. 'Second 1f you

. tried to get to the end- of a bpunded line, you might never make 1t if both

’fh-you and your mei'pring stick shrank as you approached the end of the 1ine.

But this still has not answebed the question, "Is the physical world
really like this?" There is a noted set’ of physical theories which predict -

-that 1ines in our universe are curved and that the slze of an object changes
- with 1te ppeed as well as the object's mass and conception of time. They .
" are the thoories of general and special rwlativity as put forth by Dr. Albert

B |

.




e 4v' Tha‘ggneral'theéryIOflqelatlvity predicts that lig&%’travela rough -
t:w.'jihe uniVerae'ingcurQed lines which are distorted neafrlarge bodiés”zf mass.,

. The distortion the sun would Produce in the path of -the 1ight from a dis- ;
f&nt star was computed and then actually observed during a solar eclipsge. .-"f_
This simply means that a'theory of space which claims that the sh@rtes§ | |
'distange'betwéen two poinésiis aicurved line notlalgtraight 1ine, may | N ' , . {4
~accurately describe space, | - | | | -

~ “The special theory of relativity states that if an object 1s iidving '

- ~at a very éreat speed relatiba to yourmgyn speed,.you.will obsérve it toﬁ; . ;'IJ

Be'différeni_than 1f iflwerefsimply sitting near you., At high-speeds;it A-
Co WOuldfappeaf-to you to be shorter, heavier and to .age lesquuickly, 1This_'. e
too has been verffied in experiments, Very small particles called électtops S -
g -have_ﬁeen observed to become heavier when givén spéeds close ta-thefapee&  1{ e R
- of light, ‘Since, in order to teavel—to—the-edge—ofthewnlverss, you would ¥
| have to tra;el extremely fast;'it ié“therefore‘bGSSIBle that you and your .
meaivring stick will shrink, Hence, you will never reach the edge of the | .
universe and you will therefore conclude that 1t is infinite, _ : A
-The theory of rplativity 1s a theory used to describe the universe |

“and not Just our locality, If you look at.a Qery small*pbrtion of a hyper- .
bolic 1line, 1t will appear to yoﬁ.tb be Straight. Hence, mayhe we-belﬁeve

8
"¢ that lines are stralght and unbounded simply because they appear-so in’our - |
;': restricted field. of observation, S R L
e Quickly while you ade still confused, let's go back, take the other - o
- : A _ . _ . N L .
, Possible parallel postulate, and see what results 1t leads to, | _
4 &
. R !
(3.
!
. ? 4 '
. ' <
” N
a $. . ; .
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| Euolide_a.n' Geonetry =

N .

‘Fuolid's Para.llel Postulatel Through a point P not on 1ine K there 1s at
- most one 1ine parallel to L.

Fuclid’s postulate can now be used to prove some important theoremo.

. We will stato and i1llustrate the theorems here, After the flrst one, the
iy proofs are left to. you, . S _ *

| 1. If two parallel lines are. cut by a transvereal the alternate intertor
e"H%’le:ss are congruent ' . .

S

In the drawing, m|ln with transversal t intersecting them at P and Q,

~and. forming alternate interior angl,os_ 1 and 2, We know there is a line
- ??P so that / RPQ w/ 2, ‘These congruent angles are also alternate in-
v terlor angles so RPl/n. According to Euclid's Postulate, there can be

at most one parallel to n through P 80 ﬁmust be m a.nd[ RPQ _Ll.
Therefore, //1‘-" Za2, |

'_ 2_.'-",If two parallel lines are out bx a transversal, eaoh palr of correspond -
ing angles are congruent : P J

. 5\1 »' .
. L e—— > - S )
~ _. . . 7 3 . - ) . |
o : “§ B . - 8\ . . R . o ‘{»,
.',\_ _

| " m//n and. out by transvereal t, Show Ll -Lz [,3 "Zh /5816, Z,?“’ 48,

3. Ina plane, two lines pa-rallol to the same line are parallel to each other, r ‘
- e — — , '
- q / —>n ,' ) i
—— Jnn . mil and n/'1, Show M ey |
Fo PR 2 SO © 174 U of DML




%, In a plane, 1f a line is perpendicular to one of two pamllels. 1t 13 BN ‘
\ perpendicular to the other. | . .
'.- -4 N | y
B < —y , . :
< > m T . )
¥r | | r T
2/jm and pLm. Show pig.} - R |
o \: , - o ’ [y A
;
| Exexrcises A, B !
1, Giveni A-ﬁ//al—),zc =D -
Prover LA S /B |
. | c )
'2. Givens DENAB -
mZACD = 2x + 14
" mLCAB = 5% -1 - '
M4LACB = 9x + 10 '
) Finds a.) Value of x
U b) mZBAC -\
' c) m2DCE
d) mZABC A
. 8) BLACB v
y
- 3.. Givens LXYZ and ZAKC coplanar - A -
| Acute angles | ! /2 L , o
. XY # AB, YZ I/ BC | s A LT | \ I
* Proves [__)(YZ Z.ABC | . o :,
’ -4, Ci?en; m LA, v mZB " mLC = 90 ’ ’ °
~ Proves mlD = 90 f
' A . 'B \




A o - Euqlidegn Geometry

* ®
Uainp Euclid's Parallel Postulate we can prove an 1mportant theorem
about tria.nglea. . '

1, The sum of the measuies .of the anglee of a,ny tria.ngle 1sf180.

Givem' AARC
_.Provel le + ml2 + mL3 - 180

By Euclid's Postulate. we know there is gt moat one line P through B

S0 that p // AC, Let D, E be polnts on p withB between D and B,

- 3. Given: AABC,  The measure of two angles is given. Supply the third.

o, " a) nLDABm

5

The proocf‘ is left to you,... .o s ——

Exexcises
l, Proves The acute qngleé of a right ‘triangle are complementary,
. N ' b )
2, Proves F‘or any triangle, the measure of each exterior a.ngle is equal
to the sum of the measures of its two remote 1nterior @ngles.

LBCD 1is an exterior angle of
"AABC, * Show ml_l + mLZ - mémn

»

A

a) mZA =57, mLBw=32, mi0= ?
b) MLA =108 , LB =19, miC w 7
¢) MLZA =80, miBwX, miCw= 7
4) m{A=X , mLBw=Y, mZCm ?

- b) MLZABC =
0) MLBCE

4)' mLABF 5 45“ -

\
S
.0 :

MZACB w/7x 43 . o o }
méDABi-ll,;_c*l?

a) Find x .
b) Find mZDAB
0)’ l?‘ind mZBAG

d) Find m/ZBCA
e)' Find mLBAC




